The Sinusoidal Array:

A Theory of Representation

for Spatial Vectors

A. David Redish, 1 David S. Touretzky, Hank S. Wan

Department of Computer Science

Carnegie Mellon University

Pittsburgh, PA 15213-3891

Abstract

We describe a theoretical model of spatial representation in cortex,

including computer simulations, that is compatible with data from single

neuron recordings. Our proposed architecture, cal led a sinusoidal array,

encodes a polar vector ~ v = (r; �) as distributed activity across a neuronal

population. We demonstrate how sinusoidal arrays might be used for vec-

tor computations such as addition, subtraction, and rotation in tasks such

as primate reaching and rodent navigation.

1 The Sinusoidal Array

Spatial representation in the mammalian brain has b een widely studied

in hipp ocampus, parietal cortex, and throughout the motor system. But

most of the modeling work to date has focused on place cells in hipp o cam-

pus and on the transformation of retinal to head centered coordinates in

parietal cortex. Our work models spatial representations in the motor

system, but it is also applicable to certain navigational tasks.

We o�er a general computation mechanism, the sinusoidal array, which

is capable of representing n-dimensional vectors. (We will b e primarily

concerned with 2 and 3 dimensional spatial vectors.) The sinusoidal

array is an enco ding of a vector as a distributed pattern of activity

over N neurons. The �ring rate of each neuron i enco des the value

F (r; �; i) = b i + k i � r cos(� � � i ) where b i is a baseline value that at-

tempts to keep F (r; �; i) positive, k i is a scale factor, and � i is a pre-

ferred direction. We assume that preferred directions are uniformly dis-

tributed. Thus, for each cell we asso ciate a preferred vector (in p olar

co ordinates) ~

� i = (k i ; � i ). With ~ v = (r; �) the vector being represented,

and S A ~v the sinusoidal array represention of ~ v, the �ring rate of neuron

i is F (S A ~v ; i) = b i + ~ v:~ � i where the dot denotes inner pro duct. The si-

nusoidal array is an extension of the population vector [6]. Because the

sinusoidal array includes magnitude information, it is capable of supp ort-

ing vector arithmetic.

1 Address all correspondence to the �rst author. Email address: dredish@cs.cmu.edu

Figure 1: A sinusoidal array representation of the vector ~ v = (r; �) using 50

neurons. The orientation of each line indicates prefered direction � i ; line length

is proportional to �ring rate. For clarity, the b i and k i values were made the

same for all neurons.

2 Computing With Sinusoidal Arrays

Let ~ v 3 (represented by S A 3 ) be the vector sum ~ v 1 + ~ v 2 (S A 1 and S A 2

resp ectively). Because vector addition distributes over dot pro duct, this

sum can b e accomplished by allowing S A 3 neurons to sum spikes from

a subp opulation of cells in S A 1 and S A 2 . The probabilit y of making a

synapse b etween a cell in S A 1 or S A 2 and a cell in S A 3 is prop ortional to

a Gaussian function of the di�erence b etween their preferred directions.

In order to keep the average baseline of cells in S A 3 equal to B (the

average baseline for S A 1 and S A 2 ), S A 3 neurons must have a bias term

of �B .

Vector subtraction is equivalent to the addition of the negation of a

vector. Thus subtraction is analogous to addition, but the probabilit y of

a synapse from S A 2 to S A 3 must b e inversely related to the di�erence

b etween their preferred directions, that is, a di�erence of 180 � has a

maximal probabilit y of synapse and 0 � a minimal probabilit y.

Vector rotation in phasor notation is equivalent to a phase shift. In

an earlier formulation of the sinusoidal array [12], we prop osed a special-

purp ose circuit for rotation by shifting. However, this prop osal is incom-

patible with the more general formulation describ ed here. Instead, vector

rotation in our new formulation could be p erformed by the rep eated ad-

dition of tangent vectors with magnitudes that are a constant fraction of

the rotating vector. Such tangent vectors are obtainable from the rotating

vector using a maximal probabilit y of synapse at 90 � . This would predict

a linear relation b etween rotation time and angle of rotation, which is

compatible with results in both humans [11] and monkeys [8].

3 Computer Simulations

Our simulations are based on an abstract pyramidal cell, modeled at a

simpler level than compartmental models, but retaining many imp ortant

neuronal prop erties such as spiking b ehavior. Each cell integrates synap-

tic input linearly over time, and when the internal sum passes threshold,

it �res a spike. A spike lasts for one clo ck tick, after which the cell enters a refractory state, modeled by a higher threshold which decays exp o-

nentially over time until the threshold returns to normal. During the

refractory perio d, cells continue to integrate inputs. If the internal sum

surpasses the high threshold, the cell spikes and starts a new refractory

cycle. We add noise to a cell by adding or subtracting a percentage of

the average baseline at each time step.

Sinusoidal arrays in our simulations are of two typ es: input arrays

and summation arrays. Neurons in input arrays are constrained to spike

at a desired frequency F (S A; i). To accomplish this, the internal sum

is increased by F (S A; i) � �t at each time step. Summation arrays take

synaptic input from two sinusoidal arrays (which may themselves be either

input or summation arrays) as describ ed ab ove. In order to implement

the necessary bias factor �B , at every clo ck tick the net activation of

each cell in the summation array is decreased by B � �t. We have not

mo deled synaptic or axonal delays.

It is imp ortant to note that input arrays are purely an artifact of our

simulations. All sinusoidal arrays in real neural tissue would be sum-

mation arrays, their non-array inputs being generated in some manner

b eyond the scop e of the current model. In the simulations reported here,

each array contains 1500 neurons.

4 Evidence from Single Neuron Recordings

The sinusoidal array representation of a vector ~ v = (r; �) requires that

the constituent neurons have a cosine relation to angle (�) and a linear

relation to magnitude (r). Cells with a cosine response to head direction

have b een found in parietal cortex of rats navigating on an 8-arm maze [2].

As yet there is no evidence for a linear relation b etween �ring time and

vector magnitude, but exp eriments are under way to investigate this. In

primates p erforming a reaching task, cells have b een found throughout the

motor system with a cosine response to hand motion direction [1, 5, 6, 7]

and a weak linear correlation with reaching distance [10].

In the primate reaching task, eight light emitting dio des (LEDs) are

arranged at equidistan t p oints on a circle in front of the animal, with a

ninth LED in the center. The monkey points to the center LED until a

p eripheral LED is lit, at which time the monkey points to the peripheral

LED.

In the context of this task, cosine tuning functions have b een observed

in single neuron recordings throughout the monkey motor system, includ-

ing motor cortex (area 4) [6], premotor area (area 6) [1], sup erior parietal

cortex (area 5) [7], and cereb ellum [5]. Although the linear response to

distance is weak [10], the response to torque is sigmoidal with a large

linear range [3].

Even if individual neurons only resp ond with a cosine function of

angle and not linearly to r, it is still p ossible to obtain an ensemble linear

resp onse by assigning cells with the same preferred direction a variety of

magnitude thresholds. Cells with similar preferred directions would then b e recruited in prop ortion to magnitude.

5 Ro dent Navigation

Ro dents can �nd a hidden foo d reward by judging distance and angle

to visual landmarks [4]. In one experiment, gerbils learned to �nd food

at a constant distance and compass bearing from a cylindrical landmark

which was moved to a di�erent lo cation on each trial.

If the animal rememb ers the vector ~ M from the food to the landmark

and can determine the vector ~ P from itself to the landmark, the vector

from the animal to the goal can be found by vector subtraction: ~ G =

~ P � ~ M . We prop ose the sinusoidal array as a mechanism for representing

these quantities and computing the vector di�erence.

6 The Primate Reaching Task

In one variant of the reaching task [7], which we b elieve provides evi-

dence for a vector subtraction op eration in the motor system [9], a load

is attached to the manipulandum in such a way that the load vector can

b e applied in any of eight directions. This allows the disso ciation across

trials of the target or \goal" direction from the direction in which the

monkey actually has to exert force in order to reach the goal.

In [9], we postulate that the animal constructs a goal vector ~ G = C T

which p oints from the center hold location C to the indicated target

lo cation T . Given a load vector ~ L applied to the manipulandum, the

motor command is equal to the vector subtraction ~ M = ~ G � ~ L. See �gure

2.

Figure 2: Vector arithmetic interpretation of the variant of the reaching task

describ ed in [7]. The monkey must move the manipulandum from the center

point C to the target p oint T while counter-acting the load vector ~ L. ~ G is the

goal vector C T and ~ M is the actual motor vector required.

Cells in the summation array representing ~ M show a sinusoidal re-

sp onse to � ~ L and to ~ G. We de�ne the p eak of the resp onse to � ~ L to b e

the load axis and the peak to ~ G to be the goal axis. We expect the phase

di�erence b etween the load and goal axes to cluster around 180 � . Plots

from our simulations b ear a striking resemblance to recordings done by

Kalaska et al. [7]. See �gure 3.

;

Figure 3: Comparison of load axes with resp ect to goal axes for area 4, showing

distribution of angular di�erence between goal and load axes. Left, data from

[7], used by permission of the author. Right, output of our simulations. The

goal and load axes of each cell have been rotated so that the goal axis of each

cell p oints to the left. We then plotted a unit vector in the direction of the load

axis.

7 Discussion and Predictions

We have describ ed the sinusoidal array, a computational mechanism for

vector arithmetic. We cite recordings of neurons that could b e comp o-

nents of sinusoidal arrays, but await system-level studies that will con�rm

or falsify our theories. Speci�cally, we predict that representations of the

vectors forming the input to the summation arrays will be lo cated some-

where previous to the activity of the summation array.

In the case of rodent navigation, we predict one should be able to �nd

neurons with a cosine response to angle and a linear function of distance

for each of the vectors ~ M , ~ P , and ~ G in either ego centric or allo centric

co ordinates. We also predict that the areas in which the vectors ~ M and

~ P are represented will synapse on the area in which ~ G is represented.

In the case of primate reaching, neurons with the required prop erties

to represent the goal vector ~ G (notably, cosine resp onse to angle, no

neuronal resp onse to load) have already been found in premotor cortex

(area 6), and neurons with the required prop erties to represent the motor

activation vector ~ M (cosine resp onse to angle for both goal and load,

preferred load axis approximately 180 � o� preferred goal axis) have been

found in primary motor cortex (area 4). We predict that a representation

of load can b e found in some area that synapses on area 4, such as,

p erhaps, thalamus.

8 Acknowledgements

We would like to thank Dr. Apostolos Georgop oulos, Dr. John Kalaska,

and Dr. Bruce McNaughton for their comments on this work. This work

was supp orted by a grant from the Fujitsu corp oration. David Redish

and Hank Wan were partially supp orted by National Science Foundation

fellowships.

References

[1] R. Caminiti, P.B. Johnson, Y. Burno d, C. Galli, S. Ferraina (1990b)

Shift of preferred directions of premotor cortical cells with arm move-

ments performed across the workspace. Exp. Brain Res. 83:228-232.

[2] Chen, L. L. (1991) Head-directional information pro cessing in the

rat posterior cortical areas. Do ctoral dissertation, University of Col-

orado.

[3] P.D. Cheney, E.E. Fetz (1980) Functional classes of primate cortico-

motoneuronal cells and their relation to active force. J. Neurophysl.

44(4): 773-791.

[4] T.S. Collett, B.A. Cartwright, B.A. Smith (1986) Landmark learn-

ing and visuo-spatial memories in gerbils. Journal of Comparative

Physiology A 158, 835-851.

[5] P.A. Fortier, J.F. Kalaska, A.M. Smith (1989) Cerebellar neuronal

activity related to whole-arm reaching movements in the monkey. J.

Neurophysl. 62(1):198-211.

[6] A.P. Georgop oulos, R. Caminiti, J.F. Kalaska, J.T. Massey (1983)

Spatial coding of movement: a hyp othesis concerning the co ding of

movement direction by motor cortical populations. Exp. Brain Res.

Suppl. 7: 327-336.

[7] J.F. Kalaska, D.A.D. Cohen, M.L. Hyde, M. Prud’homme (1989)

A comparison of movement direction-related versus load direction-

related activity in primate motor cortex, using a two-dimensional

reaching task. J. Neurosci. 9(6): 2080-2102.

[8] J.T. Lurito, T. Georgakopoulos, A.P. Georgop oulos (1987) Cognitive

spatial-motor pro ceses, 7: The making of movements at an angle

from a stimulus direction: studies of motor cortical activity at the

single cell and population levels. Exp. Brain Res. 87:562-580.

[9] A.D. Redish, D.S. Touretzky, H.S. Wan (1993) The reaching task:

Evidence for vector subtraction in the motor system? Manuscript.

[10] A.B. Schwartz, A.P. Georgop oulos (1987) Relations between the am-

plitude of 2-dimensional arm movements and single cell discharge in

primate motor cortex. Soc. Neurosci. Abstr. 13: 244.

[11] R.N. Shepard, J. Metzler (1971) Mental rotation of three dimensional

ob jects. Science 171:701-703.

[12] D.S. Touretzky, A.D. Redish, H.S. Wan (1993) Neural representation

of space using sinusoidal arrays. Neural Computation. 5(6):869-884.

Figure 1: A sinusoidal array representation of the vector ~ v = (r; �) using

50 neurons. The orientation of each line indicates prefered direction � i ;

line length is prop ortional to �ring rate. For clarity, the b i and k i values

were made the same for all neurons.

Figure 2: Vector arithmetic interpretation of the variant of the reaching

task describ ed in [7]. The monkey must move the manipulandum from

the center point C to the target point T while counter-acting the load

vector ~ L. ~ G is the goal vector C T and ~ M is the actual motion vector

required.

Figure 3: Comparison of load axes with respect to goal axes for area 4,

showing distribution of angular di�erence b etween goal and load axes.

Left, data from [7], used by permission of the author. Right, output of

our simulations. The goal and load axes of each cell have been rotated so

that the goal axis of each cell points towards 0 � . We then plotted a unit

vector in the direction of the load axis.